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Abstract
We find spherical 2-orbifolds realizing the decompositions of the 3-orbifold fundamental groups,
of which the amalgamated subgroups are isomorphic to the fundamental groups of orientable
spherical 2-orbifolds. If one hypothesis fails, then there is a decomposition of the fundamental group
of a 3-orbifold which cannot be realized. As an application of a weaker result of the Main Theorem
we obtain a necessary and sufficient condition that unsplittable links embedded in S3 are composite.
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1. Introduction
In the classical 3-manifold theory, we can find an incompressible 2-sphere embedded
in a compact and ∂-irreducible 3-manifold M , which realizes the given free product
decomposition of the fundamental group of M .
In the present paper we will do some analogy of the above problem for 3-orbifolds.
Since a boundary connected sum of two spherical 2-orbifolds is not spherical in general,
we cannot use the surgery technique used in a topological proof of Stallings’ for the above
3-manifold problem.
On the other hand, the I -bundle theorem is used to reduce the number of components
of incompressible 2-orbifolds in [16], where the 3-orbifold is assumed to be irreducible.
But our problem is to find an incompressible spherical 2-orbifold realizing the given
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decomposition, thus we cannot assume our 3-orbifold to be irreducible. In Section 3 we
define the notion of (A,B)-irreducibility and prove the product I -bundle theorem for
(A,B)-irreducible 3-orbifolds. If M is an (A,B)-irreducible 3-orbifold, we can find a
singular locus joining two singular points in A and B , and prove that M is a product I -
bundle over the spherical 2-orbifold A. It is used to prove the Main Theorem.
We assume that orbifolds are good, connected and orientable unless otherwise stated.
For an orbifold X, we shall use the terminology π1(X) (respectively π1(|X|)) to mean
the orbifold fundamental group of X (respectively the usual fundamental group of the
underlying space |X|). By an (amalgamated free) decomposition we shall mean a nontrivial
amalgamated free product. The Main Theorem is as follows:
Theorem 1.1 (Main Theorem). Let M be a good, compact, connected, and orientable
3-orbifold which satisfies the following:
(a) M is ∂-irreducible,
(b) M does not contain any non-separating spherical 2-orbifolds, and
(c) the fundamental group of each prime component of P(M) is infinite.
Suppose that we are given a nontrivial amalgamated free decomposition of π1(M)
π1(M)=G1 ∗K G2 (1.1)
such that
(i) K is isomorphic to the fundamental group of an orientable, and spherical 2-
orbifold,
(ii) π1(M) has no free decomposition with amalgamated subgroup H which is
isomorphic to a proper subgroup of K , and
(iii) if K is isomorphic to a finite cyclic group Zn, then π1(M) has no tree product
decompositions with two edge groups which coincide in π1(M) and are isomorphic
to K , where every edge group is a proper subgroup of every vertex group to which
it is incident.
Then there exists a spherical 2-suborbifold S which realizes the above decomposition (1.1).
Remark 1.2. P(M) in the above (c) is the Poincaré associate of M defined in Section 6.
Other definitions are recalled in Section 2.
To prove Theorem 1.1 we construct an orbifold composition X along the given
decomposition. An orbifold composition is made from finitely or infinitely many orbifolds,
whose precise definition is described in Section 4.
If the hypothesis (iii) of Theorem 1.1 fails, then there is a decomposition of the
fundamental group of a 3-orbifold which we could not realize. This example is given in
Section 7.
Applying a weaker result of the Main Theorem to link orbifolds, we obtain a sufficient
condition that unsplittable links are composite. The necessity of that is already known.
We summarize the contents of the paper. Section 2 is devoted to preliminaries on
orbifolds such as a prime decomposition, an orbi-map and so on. In Section 3 we prove
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Theorem 3.4, which presents a sufficient condition for a 3-orbifold to be a product I -
bundle over a spherical 2-orbifold. Lemma 3.2 is used to investigate a fixed point set of
some subgroup of Aut(X˜,p) in Proposition 5.9. In Section 4 we describe the definition of
orbifold compositions, which is slightly different from that in [16]. In Section 5 some
extendabilities of maps from orbifolds to orbifold compositions are shown, which are
almost parallel to those in Sections 5 and 6 in [16]. In fact, we define the notion of
orbifold compositions so that the above extendabilities hold. The Main Theorem is proved
in Section 6. In Section 7 we give an example of a decomposition of the fundamental
group of a 3-orbifold which cannot be realized. In Section 8 we give a sufficient condition
of compositeness of non-splittable links by using Theorem 6.5.
In the present paper we assume that the amalgamated subgroup of the decomposition
(1.1) is isomorphic to the fundamental group of a spherical 2-orbifold. Another case is
considered in [16], where the amalgamated subgroup is assumed to be isomorphic to the
fundamental group of a nonspherical 2-orbifold.
2. Preliminaries
In this section we recall some terminologies on orbifolds, see also [17,13,1,3,14–16].
Throughout this paper any orbifold is assumed to be good, that is, it is covered by a
manifold.
An orbifold M is locally orientable if each element of the local transformation group
of each point of M acts orientation preservingly. M is orientable if each element of the
transformation group of M acts orientation preservingly. If M is a locally orientable 3-
orbifold, the underlying space |M| of M is a 3-manifold. Moreover if |M| is orientable, M
is an orientable 3-orbifold. From now on, any orbifold is assumed to be orientable, unless
otherwise stated.
A spherical 2-suborbifold S ⊂ IntM of a 3-orbifold M is incompressible (or essential)
in M if S does not bound any ballic 3-orbifold in M .
A discal 2-suborbifold D properly embedded in M (i.e., ∂D ⊂ ∂M and IntD ⊂
IntM) is incompressible in M if there exists no discal 2-suborbifold D′ ⊂ ∂M such that
D ∩D′ = ∂D = ∂D′ and D ∪D′ bounds a ballic 3-orbifold in M .
A non-spherical, non-discal, properly embedded 2-suborbifoldF ofM is incompressible
in M if there exists no simple closed curve C of F which does not bound any discal 2-
orbifold in F , but does bound a discal 2-orbifold in M .
A 3-orbifoldM is irreducible if any spherical 2-suborbifold of M always bounds a ballic
3-orbifold in M .
A 3-orbifold M is ∂-irreducible if any boundary component of M is incompressible in
M .
A 3-orbifoldM is prime if any separating spherical 2-suborbifold of M always bounds a
ballic 3-orbifold in M . If we cut M open along finite numbers of incompressible spherical
2-suborbifolds and cap them off so that each component is prime, the system of all the
components is called a prime decomposition of M . A compact 3-orbifold has a prime
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decomposition since the finiteness property of incompressible 2-suborbifolds holds, up to
parallel, as well as a compact 3-manifold does.
We review some theorems required in using cut-and-paste methods for 3-orbifolds.
Theorems 2.1–2.3 are derived from equivariant theorems. (See [5,6,9,10,15].)
Theorem 2.1 (The Loop Theorem). Let M be a good 3-orbifold with boundaries. Let F be
a connected 2-suborbifold in ∂M . If Ker (π1(F )→ π1(M)) 	= 1, then there exists a discal
2-suborbifold D properly embedded in M such that ∂D ⊂ F and ∂D does not bound any
discal 2-suborbifold in F .
Theorem 2.2 (Dehn’s Lemma). Let M be a good 3-orbifold with boundaries. Let γ be a
simple closed curve in ∂M − ΣM such that the order of [γ ] is n in π1(M). Then there
exists a discal suborbifold D2(n) properly embedded in M with ∂D2(n)= γ .
Theorem 2.3 (The Sphere Theorem). Let M be a good 3-orbifold. Let p : M˜→M be the
universal cover of M . If π2(M˜) 	= 0, then there exists a spherical suborbifold S in M such
that [S˜] 	= 0 in π2(M˜), where S˜ is any component of p−1(S).
The next corollary is derived directly from Theorem 2.3.
Corollary 2.4. Let M be a good 3-orbifold. If M is irreducible, then for any manifold
covering M˜ of M , π2(M˜)= 0.
The following several propositions are derived from Theorems 2.1–2.3, whose proofs
are almost the same as in the case of 3-manifolds, see [14, Propositions 1.5–1.8].
Proposition 2.5. Let M be a good 3-orbifold, F be a connected and incompressible 2-
suborbifold which is 2-sided and properly embedded in M , and N be the orbifold derived
from M by cutting open along F . Then, M is irreducible if and only if each component of
N is irreducible.
Proposition 2.6. Let M be a good and locally orientable 3-orbifold, F be a connected
and incompressible 2-suborbifold which is 2-sided and properly embedded in M , and N
be the orbifold derived from M by cutting open along F . Then, for any component N ′ of
N , Ker(π1(N ′)→ π1(M))= 1.
Let M be a good 3-orbifold and F a connected 2-suborbifold which is properly
embedded and 2-sided in M . It is clear that if Ker(π1(F ) → π1(M)) = 1, then F is
incompressible in M . Under some additional hypotheses, the converse stands.
Proposition 2.7. Let M be a good and locally orientable 3-orbifold, and F be a connected
2-suborbifold which is 2-sided and properly embedded in M . If F is incompressible, then
Ker(π1(F )→ π1(M))= 1.
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Proposition 2.8. Let M be a good 3-orbifold, and F be a connected 2-suborbifold which
is 2-sided and properly embedded in M . Let p′ :M ′ → M be a covering and F ′ be a
component of p′−1(F ). Then the following holds:
(i) If F ′ is incompressible in M ′, then F is incompressible in M .
(ii) If M is locally orientable and F is incompressible in M , then F ′ is incompressible
in M ′.
If the universal cover of a connected orbifold X is p : X˜→ |X|, we denote it by X =
(X˜,p, |X|). The (orbifold) fundamental group π1(X) of X is isomorphic to the covering
transformation group Aut(X˜,p). These facts are quite similar to those for OISIBO’s
(orbifold identified space identified along ballic orbifolds) and orbifold compositions
which are described later in Section 4.
Let X = (X˜,p, |X|), Y = (Y˜ , q, |Y |) be orbifolds. An orbi-map f :X → Y is a pair
(f¯ , f˜ ) of continuous maps f¯ : |X| → |Y | and f˜ : X˜→ Y˜ which satisfies the following:
X˜
p
f˜
Y˜
q
|X|
f¯
|Y |
(2.1)
(i) f¯ ◦ p = q ◦ f˜ .
(ii) For each σ ∈ Aut(X˜,p) there exists an element τ ∈ Aut(Y˜ , q) such that f˜ ◦ σ =
τ ◦ f˜ .
(iii) There exists a point x ∈ |X| −ΣX such that f¯ (x) ∈ |Y | −ΣY .
As a continuous map between manifolds, an orbi-map between orbifolds induces a
homomorphism between the fundamental groups of them, when the points x and f¯ (x) in
(iii) could be base points of the fundamental groups of X and Y , respectively. The notion
of orbi-maps between orbifolds is naturally generalized for orbi-maps between OISIBO’s
or orbifold compositions in Section 4.
An orbi-map f :X → Y is an orbi-embedding if f (X) is a suborbifold of Y and
f :X→ f (X) is an isomorphism of orbifolds.
3. Product I -bundles
In this section we prove the product I -bundle Theorem 3.4 for (A,B)-irreducible 3-
orbifolds. The definition of (A,B)-irreducible is given later in Definition 3.3. Theorem 3.4
is used in the proof of the Main Theorem to decrease the number of the components of a
preimage of a ballic 3-orbifold by an orbi-map. Lemma 3.2 is used to prove Theorem 3.4
and investigate a fixed point set of some subgroup of Aut(X˜,p) in Proposition 5.9.
When a 3-manifold is (A,B)-irreducible, it is clearly homeomorphic to S2 × I by the
definition. In the orbifold case, first we find a singular locus joining two singular points
of different boundary components of the 3-orbifold, which is derived in the following
Lemma 3.1.
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Lemma 3.1. Let M be a good, connected, orientable (not necessarily compact) 3-orbifold
with at least two (not necessarily spherical) boundary components A, B such that
ΣA 	= ∅, Ker(π1(B) ↪→ π1(M))= 1. (3.1)
Assume that either M is irreducible, or any incompressible spherical 2-suborbifold of M
is parallel to A or B . Let σx be a meridianal loop around a singular point x ∈ΣA, and
i :A→ M , j :B → M be the inclusion maps. If i∗[σx ] ∈ j∗π1(B), then there exists a
singular locus ! which joins x with a point in ΣB having no trivalent points.
Proof. Let z0, z1, z2 be the base points of M , A, B , respectively. Take paths α, β in
M −ΣM inducing the homomorphisms i∗, j∗, respectively. Let p : (M˜, z˜0)→ (M,z0) be
the universal covering of M . Denote the lifts of α and β with initial point z˜0 by α˜ and β˜, re-
spectively, and put α˜(1)= z˜1, β˜(1)= z˜2. Let A˜, B˜ be the components of p−1(A), p−1(B)
including z˜1, z˜2, respectively. We derive the lemma from the following Claims 1–5.
Claim 1. (i∗[σx ])A(A˜)= A˜.
The element (i∗[σx ])A of Aut(M˜,p) maps the point z˜1 to the terminal point of the lift
of σx with initial point z˜1. Since the terminal point is in A˜, we have Claim 1.
Claim 2. (i∗[σx ])A(B˜)= B˜ .
By the assumption i∗[σx ] ∈ j∗π1(B), there exists a loop τ in B with base point z2 such
that i∗[σx] = j∗[τ ] in π1(M,z0). We have (j∗[τ ])A(B˜) = B˜ similarly to Claim 1. Since
(i∗[σx ])A = (j∗[τ ])A, Claim 2 holds.
Claim 3. Fix((i∗[σx])A) consists of intervals, one of which intersects with A˜.
First we cap off M˜ and denote it by M . If M is compact, then it is a homotopy 3-sphere
and we get a desired singular locus by Smith Theorem. If M is not compact, we get a
singular locus by [16, Lemma 5.8].
Claim 4. An interval of Fix((i∗[σx ])A) intersects with B˜ .
Since σx is a meridian of A and M is good, the order of i∗[σx] in π1(M) is equal to that
of [σx] in π1(A). By the assumption that Ker(π1(B) ↪→ π1(M))= 1, [τ ] in Claim 2 has
the same order as that of [σx ] in π1(A). Thus [τ ] is of finite order in the fundamental group
π1(B) of a 2-orbifold B , and we have that ΣB 	= ∅ and τ is a meridian of a point of ΣB .
The remaining is similar to the proof of Claim 3.
Claim 5. There exists a singularity ! joining x with B without trivalent points.
By the above arguments there exists at least one interval L˜ joining A˜1 and B˜1 which are
certain components of the preimages of A andB , respectively. Then we obtain a singularity
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!1 = p(L˜). Since L˜ is a component of the fixed point set of the elliptic element i∗[σx ]A, !1
has no trivalent points. Note that (i∗[σx])A fixes a point of A˜ which is in p−1(x). If one of
the endpoints of !1 is x , we may put != !1. Otherwise, A is a cyclic spherical 2-orbifold
with two singular points x and the other, say, x ′. By the similar argument we obtain another
singularity ! without trivalent points, which includes x as an end point. The other endpoint
of ! is x ′ or a singular point of B . But in the former case, we have ! ∩ !′ = {x ′}, which
yields contradiction. ✷
Lemma 3.2. Let M be a good, connected, orientable (not necessarily compact) 3-orbifold
with at least two spherical boundary components A, B such that ΣA 	= ∅. Assume that
any incompressible spherical 2-suborbifold of M is parallel to A or B . Let i :A→M and
j :B→M be the inclusion maps. If i∗π1(A)⊂ j∗π1(B), then M is isomorphic to A× I .
Proof. Note that the possible ordered pairs of #ΣA and #ΣB are (2,2), (2,3), and (3,3)
because i∗π1(A)⊂ j∗π1(B).
Case 1. If #ΣA= #ΣB = 2. See Fig 1.
Take a singular point x ∈ΣA. By Lemma 3.1 there exists a singular locus ! which joins
x with a point y ∈ΣB having no trivalent points. Let V be a closed regular neighbourhood
of ! in M . Since the closure of (A ∪ B − V ) ∪ (∂V − (A ∪ B)) is a spherical 2-orbifold
S which is parallel to neither A nor B , S bounds a ballic 3-orbifold W . Gluing W with V
along the annulus W ∩V makes M , we have that M is isomorphic to the product I -bundle
A× I .
Case 2. If #ΣA= 2 and #ΣB = 3. See Fig. 2.
Fig. 1. Case 1 : #ΣA= #ΣB = 2.
Fig. 2. Case 2 : #ΣA= 2 and #ΣB = 3.
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Let x1, x2 be the singular points of A. By Lemma 3.1 there exist two singular loci
!i which join xi with yi ∈ ΣB having no trivalent points. Let V be a closed regular
neighbourhood of !1 in M . Since the closure of (A ∪ B − V ) ∪ (∂V − (A ∪ B)) is a
spherical 2-orbifold S which is parallel to neither A nor B , S bounds a ballic 3-orbifold.
But it contradicts the existence of !2.
Case 3. If #ΣA= #ΣB = 3.
Let p : (M˜, x˜0)→ (M,x0) be the covering associated with the subgroup i∗π1(A) of
π1(M,x0). Take two paths α and β with initial point x0 which induce the homomorphisms
i∗ :π1(A)→ π1(M,x0) and j∗ :π1(B)→ π1(M,x0), respectively. Take the lifts α˜, β˜ of α,
β with initial point x˜0, respectively. Let A˜ (respectively B˜) be the component of p−1(A)
(respectively p−1(B)) which contains the terminal point of α˜ (respectively β˜). Let N be
the orbifold derived from M˜ by capping off all spherical boundary components except A˜
and B˜ . Note that the covering orbifold of any irreducible orbifold is also irreducible (see
[15, Corollory 6.13]). Since any incompressible spherical 2-suborbifold of M is parallel to
A or B , it also holds that any incompressible spherical 2-suborbifold of N is parallel to A˜
or B˜ .
Let i˜∗ :π1(A˜)→ π1(N) and j˜∗ :π1(B˜)→ π1(N) be the homomorphisms induced by
α˜ and β˜, respectively. Since i∗π1(A) ⊂ j∗π1(B) and p is the covering associated with
i∗π1(A), it also holds that i˜∗π1(A˜)= j˜∗π1(B˜) and #ΣA˜ = #ΣB˜ = 3. Using Lemma 3.1
three times, we have that for each singular point xi of A˜ there exists a singular locus !i
joining xi and yi ∈ΣB˜ where yi 	= yj if i 	= j .
We choose one of the singular loci derived above, say, !3. Take a regular neighbourhood
of !3 and put it V . Let N0 be the closure of N − V , and let F be the component of ∂N0
including a part of A˜. We claim that this 2-orbifold F is compressible in N0.
Indeed, suppose that F is incompressible in N0. Then the inclusion homomorphism
η :π1(F ) → π1(N0) is injective. Let Ψ :π1(N0) → π1(N0)/〈µk〉 be the quotient map
where µ is a meridian of !3 and k is the index of !3. We consider the product η¯= Ψ ◦ η:
π1(F )
η
π1(N0)
Ψ
π1(N0)/
〈
µk
〉= π1(N). (3.2)
Since η is injective, Ker η¯ = η−1(〈µk〉∩ Im η)= η−1(〈µk〉)= [µk]. Thus we have
π1(F )/
[
µk
]∼= Im η¯ < π1(N)∼= π1(M˜)∼= i∗π1(A)∼= π1(A). (3.3)
The most left-hand side is an infinite group, but the most right-hand side is finite.
Contradiction.
By the above paragraph there exists a compressing discal 2-orbifold D of F , see Fig. 3.
Two cases below (a), (b) are possible. Before we examine such cases, we claim that the
two 2-orbifolds S1, S2 derived from the surgery of F along D are spherical ones. Indeed,
when there is no singular point on D, it is clear by the goodness of N . Otherwise, D has
one singular point and Si are turnovers. Assume that Si are not spherical. Then π1(Si)
are infinite. Since the inclusion homomorphism of the fundamental group of a turnover is
always injective, it contradicts the fact that π1(N) is finite.
Then Si are spherical. Since any incompressible spherical 2-suborbifold of N is parallel
to A˜ or B˜ , Si are compressible and each bounds a ballic 3-orbifold.
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In the case (a), N0 is one of Fig. 4. But in the both cases it contradicts the existence of
the singular loci !i , i = 1,2, joining xi and yi without trivalent points.
In the case (b), N0 is one of Fig. 5. But in the case 3(b-1), it contradicts the existence
of the singular loci !1, !2 without trivalent points. In the remaining case 3(b-2), N0 is
isomorphic to the closure of (A˜− V )× I .
Thus we have that N is isomorphic to A˜× I . Define N to be derived from N by capping
off both of the boundary components. Consider the covering S3 → N → M where M is
derived from M by capping off A and B . Since S3 is compact, the covering S3 → M is a
finite cover. By [7], M is S3 or the double of a ballic 3-orbifold. Note that M is derived
from M by removing two ballic 3-orbifolds with trivalent points. Thus M and M are as
illustrated in Fig. 6, which means M is isomorphic to A× I . ✷
Fig. 3. Cases 3(a), 3(b).
Fig. 4. Cases 3(a-1), 3(a-2).
Fig. 5. Cases 3(b-1), 3(b-2).
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Fig. 6. M and M .
Definition 3.3. Let M be a 3-orbifold, and A, B be two of spherical boundary components
of M . Then M is called (A,B)-irreducible if any spherical 2-suborbifold which does not
separate A from B always bounds a ballic 3-orbifold in M .
Theorem 3.4. Let M be a good, connected, orientable (not necessarily compact) 3-
orbifold with at least two spherical boundary componentsA, B such that ΣA 	= ∅. Assume
that M is (A,B)-irreducible. Let i :A→ M and j :B → M be the inclusion maps. If
i∗π1(A)⊂ j∗π1(B), then M is isomorphic to A× I .
Proof. If any incompressible spherical 2-orbifold of M is parallel to A or B , the con-
clusion is derived from Lemma 3.2.
Suppose that there are incompressible spherical 2-suborbifolds separating A from B
which are parallel to neither A nor B . Take a maximal system of such 2-orbifolds up to
parallel, and let S1 be the nearest one to A. We consider the 3-suborbifold N bounded by
A and S1. Let t :S1 ↪→M be the inclusion map. Since i∗π1(A)⊂ j∗π1(B) and π1(M) is
decomposed by t∗π1(S1), it holds that i∗π1(A)⊂ t∗π1(S1). Applying Lemma 3.2 to N , we
have that N ∼= A× I . But it contradicts the fact that S1 has been taken not to be parallel to
A. ✷
4. Orbifold compositions
Definition 4.1. Let I , J be countable sets, Xi (i ∈ I ) be n-orbifolds, Bj (j ∈ J ) be
ballic n-orbifolds. Let f εj :Bj →Xi(j,ε) be orbi-embeddings such that f εj (Bj )⊂ IntXi(j,ε)
and f εj (Bj ) are mutually disjoint, where j ∈ J , i(j, ε) ∈ I , ε = 0,1. Then we call
X= (Xi,Bj , f εj )i∈I, j∈J, ε=0,1 an orbifold identified space identified along ballic orbifolds
(OISIBO). The maps f 0j ◦ (f 1j )−1 and their inverses are called the identifying maps of X.
Each Xi , Bj are called a particle of X, an identifying ballic orbifold, respectively. We
define the equivalence relation ∼ in ∐i∈I, j∈J (|Xi | ∪ |Bj |) to be generated by
y ∼ f¯ εj (y), ε = 0,1, y ∈ |Bj |, j ∈ J. (4.1)
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We call the identified space
∐
i∈I, j∈J (|Xi | ∪ |Bj |)/∼ the underlying space of X, denoted
by |X|, and call the identified space {(⋃i∈I ΣXi) ∪ (⋃j∈J ΣBj )}/∼ the singular set of
X, denoted by ΣX.
Next we consider an isomorphism of OISIBO’s to be a map which is a componentwise
isomorphism and commutes with the attaching maps. See the following definition.
Definition 4.2. LetX = (Xi,Bj , f εj )i∈I, j∈J, ε=0,1 andX′ = (X′k,B ′!, gε!)k∈K,!∈L, ε=0,1 be
OISIBO’s. We say that X and X′ are isomorphic if there exist a set of maps {ϕi,ψj }i∈I, j∈J
and bijections η : I →K , ξ :J → L such that the following (i) and (ii) hold:
(i) For each i ∈ I , ϕi is an isomorphism (of orbifolds) from Xi to X′η(i). And for each
j ∈ J , ψj is an isomorphism (of orbifolds) from Bj to B ′ξ(j).
(ii) For each j ∈ J , and ε = 0,1, ϕi(j,ε) ◦ f εj = gεξ(j) ◦ψj .
The homeomorphism h : |X| → |X′| naturally induced by {ϕi,ψj }i∈I, j∈J is called an
isomorphism from X to X′.
Definition 4.3. Let X = (Xk,B!, f ε! )k∈K,!∈L, ε=0,1 and X′ = (X′i ,B ′j , f ′εj )i∈I, j∈J, ε=0,1
be OISIBO’s. We say that X′ is a covering of X if there exists a set of maps {ϕi,ψj }i∈I, j∈J
such that the following (i), (ii) and (iii) hold:
(i) Each ϕi is a covering map (of orbifolds) from X′i to Xki , where ki ∈K , and each
ψj is a covering map (of orbifolds) from B ′j to B!j , where !j ∈L.
(ii) For each j ∈ J and ε = 0,1, ϕi(j,ε) ◦ f ′εj = f ε!j ◦ψj .
(iii) The continuous map p : |X′| → |X| naturally induced by {ϕi,ψj }i∈I, j∈J is
surjective and induces the usual covering map from |X′|−p−1(ΣX) to |X|−ΣX.
We call the above map p a covering map from X′ to X.
Let X˜, X be OISIBO’s, and p : X˜→X a covering. We say that p is a universal covering
if for any covering p′ :X′ → X, there exists a covering q : X˜→ X′ such that p = p′ ◦ q .
Note that for any OISIBO X, there exists a unique universal covering p : X˜→X.
Definition 4.4. Let X′, X be OISIBO’s, and p :X′ → X a covering. We define the deck
transformation group Aut(X′,p) of p by
Aut
(
X′,p
)= {h :X′ →X′ | h is an isomorphism such that p ◦ h= p}. (4.2)
We sometimes denote an OISIBO X by (X˜,p, |X|), where p : X˜→X is the universal
covering and |X| is the underlying space of X. A good orbifold is considered as a special
case of an OISIBO.
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Definition 4.5. Let X = (X˜,p, |X|) and Y = (Y˜ , q, |Y |) be OISIBO’s. By an orbi-map
f :X→ Y , we shall mean the pair (f¯ , f˜ ) of continuous maps f¯ : |X| → |Y | and f˜ : X˜→ Y˜
which satisfies the following:
X˜
p
f˜
Y˜
q
|X|
f¯
|Y |
(4.3)
(i) f¯ ◦ p = q ◦ f˜ .
(ii) For each σ ∈ Aut(X˜,p), there exists τ ∈ Aut(Y˜ , q) such that f˜ ◦ σ = τ ◦ f˜ .
(iii) There exists x ∈ |X| −ΣX such that f¯ (x) ∈ |Y | −ΣY .
Definition 4.6. Let X = (X˜,p, |X|) be an OISIBO with the base point x0 ∈ |X| −ΣX.
Put
Ω
(
X˜, x0
)= {α˜ | α˜ is a continuous map from [0,1] to X˜,
p
(
α˜(0)
)= p(α˜(1))= x0}. (4.4)
For any two elements α˜, β˜ ∈ Ω(X˜, x0), α˜ is equivalent to β˜ , denoted by α˜ ∼ β˜, if
there exists an element τ ∈ Aut(X˜,p) such that α˜(0)= τ (β˜(0)) and α˜(1)= τ (β˜(1)). The
relation ∼ is an equivalence relation and Ω(X˜, x0)/∼ is a group with the product defined
by [
α˜
] · [β˜]= [α˜ · ρ(β˜)], (4.5)
where ρ is the element of Aut(X˜,p) such that ρ(β˜(0)) = α˜(1). The group Ω(X˜, x0)/∼
is called the fundamental group of X and is denoted by π1(X,x0). Note that π1(X,x0) is
isomorphic to the deck transformation group Aut(X˜,p). By the symbol σA, we shall mean
the element of Aut(X˜,p) which corresponds to σ ∈ π1(X,x0).
For orbi-maps and coverings between OISIBO’s, we derive relations among fundamen-
tal groups, coverings, and liftings similar to those for orbifolds. See [13] for the orbifold
case.
Definition 4.7. Let I , J be countable sets, Xi (i ∈ I ) be n-OISIBO’s, Yj (j ∈ J ) be ballic
n-orbifolds. Let f εj :Yj × ε→ Xi(j,ε) be orbi-maps, f εj = (f¯ εj , f˜ εj ), such that (f εj )∗ are
monic and f εj (Yj × ε) ⊂ Int Xi(j,ε), where j ∈ J , i(j, ε) ∈ I , ε = 0,1. Then we call
X= (Xi, Yj×[0,1], f εj )i∈I, j∈J, ε=0,1 an n-dimensional orbifold composition (of spherical
type). The maps f εj are called the attaching maps of X, which may have intersections
and self-intersections. Each Xi , Yj × [0,1] is called a component of X. The equivalence
relation ∼ in ∐i∈I, j∈J (|Xi | ∪ (|Yj | × [0,1])) is defined to be generated by
(y, ε)∼ f¯ εj (y, ε), ε = 0,1, y ∈ |Yj |, j ∈ J. (4.6)
We call the identified space
∐
i∈I, j∈J
(|Xi |∪ (|Yj |× [0,1]))/∼ the underlying space of X,
denoted by |X|, and call the identified space {(⋃i∈I ΣXi)∪ (⋃j∈J Σ(Yj ×[0,1]))}/∼ the
singular set of X, denoted by ΣX.
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An isomorphism, a covering, a deck transformation group, an orbi-map, and the
fundamental group for orbifold compositions are also defined similarly to those for
OISIBO’s in Definitions 4.2–4.6.
For an orbifold composition we consider a 1-complex C(X) as follows: Each vertex
corresponds to each component Xi , each edge corresponds to each component Yj × [0,1],
and a vertex belongs to an edge if and only if for the corresponding components Yj ×[0,1]
and Xi there exists an attaching map between them. The formal definition is given in the
following.
Definition 4.8. Let X = (Xi, Yj × [0,1],f εj )i∈I, j∈J, ε=0,1 be an orbifold composition.
Define the identified space C(X) by |X|/≈, where
x ≈ y ⇐⇒
{∃i ∈ I such that x, y ∈ |Xi |/∼, or
∃j ∈ J,∃t ∈ [0,1] such that x, y ∈ |Yj × t|/∼. (4.7)
We call C(X), each Xi , each Yj × [0,1], and each Yj × 12 , the associated 1-complex, a
vertex OISIBO, an edge orbifold of X, and the core of Yj × [0,1], respectively.
Let X be an orbifold composition and Y × [0,1] be an edge orbifold of X. Suppose
that X− Y × (0,1) consists of two disjoint OISIBO’s X0 and X1, and that attaching orbi-
maps f ε from Y × ε are mapped into Xε , ε = 0,1. We construct the universal covering
p : X˜→X of an orbifold composition X by the “tree construction”, so that the associated
1-complex C(X˜) of X˜ is a tree and each vertex OISIBO is a component of p−1(X0) or
p−1(X1). See [16, Section 4] for details. The fundamental group π1(X) has the following
presentation which respects that construction:
Lemma 4.9. π1(X,x0)∼= 〈π1(X0)∗π1(X1) | f 0∗ π1(Y ×0)= f 1∗ π1(Y ×1), f 1∗ ◦ (f 0∗ )−1〉.
Proof. Similarly to [16, Lemma 4.1]. ✷
5. Orbi-maps
Definition 5.1. Let X be an orbifold composition. Define Oi(X), i = 1,2,3 as follows:
O1(X) =
{
f :S1 →X, an orbi-map | [f ] is of finite order ( 	= 1) in π1(X)
}
,
O2(X) =
{
f :S→X, an orbi-map | S is a spherical 2-orbifold},
O3(X) =
{
f :DB→X, an orbi-map |DB is the double of a ballic 3-orbifold B}.
An orbi-map f :S1 →X ∈ O1(X) is trivial if there exists an orbi-map g from a discal
2-orbifold D to X such that g|∂D = f and the index of D equals to the order of [f ]. And
O1(X) is trivial if every element of O1(X) is trivial. We call f :S→X ∈O2(X) trivial if
there exists an orbi-map g : c ∗S→X such that g|S = f , where c ∗S is the cone on S, and
call O2(X) trivial if every element of O2(X) is trivial. We define the trivialities of O3(X)
similarly.
Note that if Oi(X) is trivial, then any covering X˜ of X inherits the triviality.
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The following Propositions 5.2–5.4 are proved as similar to the corresponding ones in
[16, Propositions 5.2–5.4]. Using the assumptions on Oi(X) we can construct orbi-maps
inducing given homomorphisms, or conclude that two orbi-maps are orbi-homotopic. For
an orbi-map between orbifold compositions, we can define the notion of orbi-homotopy as
well as that for an orbi-map between orbifolds. See [13] for the orbifold case.
Proposition 5.2. Let F be a compact 2-orbifold and X be an orbifold composition. If
O1(X) is trivial, then for any homomorphism ϕ :π1(F, y)→ π1(X,x), there exists an
orbi-map f : (F, y)→ (X,x) such that f∗ = ϕ.
Proposition 5.3. Let M be a compact 3-orbifold and X be an orbifold composition. If
O1(X) and O2(X) are trivial, then for any homomorphism ϕ :π1(M,y)→ π1(X,x), there
exists an orbi-map f : (M,y)→ (X,x) such that f∗ = ϕ.
Let M be a 3-orbifold, and X be an orbifold composition. We say that two orbi-maps
f,g :M→X are C-equivalent if there is a sequence of orbi-maps f = f0, f1, . . . , fn = g
from M to X with either fi is orbi-homotopic to fi−1 or fi agrees with fi−1 on M − B
for some ballic 3-orbifold B ⊂M with B ∩ ∂M a discal orbifold or |B| ∩ |∂M| = ∅.
Proposition 5.4. LetM be a 3-orbifold andX be an orbifold composition such thatO3(X)
is trivial. If orbi-maps f,g :M→X are C-equivalent, then f and g are orbi-homotopic.
The following Lemmas 5.5–5.7 give sufficient conditions which enable us to extend
certain orbi-maps.
Proposition 5.5. Let X be an orbifold composition, D be a discal 2-orbifold, and
f : ∂D→X be an orbi-map. If Fix([f ]A) 	= φ, then f is extendable to an orbi-map from
D to X.
Proof. Let q :D2 →D be the universal covering. Choose a point x ∈ Fix([f ]A). We can
construct the structure map of the desired orbi-map by mapping the cone point of D2 to x
and performing the skeletonwise and equivariant extension. ✷
Let S be a spherical 2-orbifold and q : S˜ → S be the universal covering. Let τ be an
element of π1(S) and xτ be the point of ΣS such that [!]k = τ , where ! is the normal loop
around xτ and k is an integer. By the symbol µ(!), we shall mean the local normal loop
around xτ such that !=m−1 ·µ(!) ·m, where m is a path. Let x˜τ be the point of q−1(ΣS)
such that the lift of µ(!) following the lift of m−1 is a path around x˜τ .
Proposition 5.6. Let S be a spherical 2-orbifold, X be an orbifold composition, and
f :S → X be an orbi-map. Suppose that there is a point d˜ ∈ Fix(f∗π1(S))A, and for
any τ ∈ π1(S) there is an interval !σ including d˜ and f˜ (x˜τ ) which is fixed by σA, where
σ = f∗(τ ). If π2 of the universal cover X˜ of X is trivial, then f is extendable to an orbi-
map from the cone on S to X.
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Proof. Let q : S˜→ S be the universal covering, f˜ : S˜→ X˜ be the structure map of f , and
B = c ∗ S be the cone on S, where c is the cone point of B . Let q¯ : B˜→ B be the universal
covering and c˜ = q¯−1(c); i.e., B˜ = c˜ ∗ S˜ and q¯(t x˜ + (1 − t)c˜)= tq(x˜)+ (1 − t)c, x˜ ∈ S˜ .
We can construct the structure map of the desired orbi-map by mapping c˜ to d˜ , c˜ ∗ x˜τ into
!σ , and performing the skeletonwise and equivariant extension. ✷
Proposition 5.7. Let DB be the double of a ballic 3-orbifold B , X be an orbifold compos-
ition, and f :DB →X be an orbi-map. Suppose that Fix(f∗π1(∂B))A is connected, and
for τ ∈ π1(∂B), π1(Fix(f∗((τ ))A))= 1 and there is an interval !σ including d˜ and f˜ (x˜τ )
which is fixed by σA, where σ = f∗(τ ). If π2 and π3 of the universal cover X˜ of X is 0,
then f is extendable to an orbi-map from the cone on DB to X.
Proof. The proof is similar to that of Proposition 5.6. ✷
Proposition 5.8. Let X be a 3-OISIBO whose particles are irreducible. Let p : X˜→ X
be the universal covering and σ ∈ Aut(X˜,p) be an element of finite order, of which the
restriction to each particle of X˜ preserves its orientation. Suppose that each particle of X˜
is non-compact. Then:
(i) Fix(σ ) 	= φ and is homeomorphic to a tree.
(ii) If each particle of X is orientable, then O1(X) is trivial.
Proof. First, note that (ii) follows from (i) and Proposition 5.5, so we only have to prove (i).
Considering the associated 1-complex of X˜, there is a particle Z˜ of X˜ such that σ(Z˜)=
Z˜ since σ is of finite order. Then, by [16, Lemma 5.8], Fix(σ |Z˜) is a connected line in Z˜.
If two different particles Z˜1 and Z˜2 are invariant by σ , all particles and attaching ballic
3-orbifolds between Z˜1 and Z˜2 are also invariant by σ . Since σ preserves orientations of
each attaching ballic 3-orbifolds, Fix(σ ) is a tree. ✷
Proposition 5.9. Let X be a 3-OISIBO whose particles are irreducible, and p : X˜→ X
be the universal covering. Let G be any subgroup of Aut(X˜,p), which is isomorphic to
the orbifold fundamental group of a spherical 2-orbifold S such that all elements of G
preserve the orientation of each particle of X˜. Suppose that each particle of X˜ is non-
compact. Then:
(i) Fix(G)( 	= ∅) is a point or a tree.
(ii) If each particle of X is orientable, then Oi(X)’s are trivial, i = 1,2,3.
Proof. First note that (ii) follows from (i), and Propositions 5.5–5.8, so we only have to
prove (i).
Considering the associated 1-complex of X˜, there is a particle Z˜ of X˜ such that
G(Z˜) = Z˜ since G is a finite cyclic or triangle group (see [16, Lemma 2.2] for details
and references). Then, applying [16, Lemma 5.9] to Z˜, we have Fix(G) 	= ∅.
If G is cyclic, then Fix(G) in Z˜ is a line. We can show that Fix(G) in X˜ is a tree by the
similar argument to Proposition 5.8.
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If G is a finite triangle group, then there is a point of Fix(G) in Z˜. Suppose that
there is another point of Fix(G) in Z˜. By Lemma 3.2, we have (Z˜ − {the two of a cone
neighborhood of each point})/G is a product I -bundle over a spherical 2-orbifold. It
contradicts the non-compactness of Z˜. Thus Fix(G) in Z˜ is a point. We can show that
Fix(G) in X˜ is a point, again by the similar argument to Proposition 5.8. ✷
Proposition 5.10. Let X = (Xε,Y × [0,1], f ε)ε=0,1 be an orbifold composition, where
each particle of each Xε is an orientable and irreducible 3-orbifold, and Y is an orientable
ballic 3-orbifold. If the universal covering of each particle of eachXε is non-compact, then
Oi(X) is trivial, i = 1,2,3.
Proof. Let p : X˜→ X be the universal covering. Let G be any subgroup of Aut(X˜,p),
which is isomorphic to the fundamental group of a spherical 2-orbifold. Consider
the associated 1-complex C(X˜) of X˜. Since G is finite and acts on the tree C(X˜)
without involutions, there is a vertex OISIBO Z˜ of X˜ such that G(Z˜) = Z˜. By
using Propositions 5.5–5.7, 5.8(i), and 5.9(i), we develop the same argument as [16,
Proposition 5.10] so that we obtain the trivialities of Oi(X), i = 1,2,3. ✷
Theorem 5.11 (Transversality Theorem). Let M be a good, compact, connected, ori-
entable 3-orbifold, and X be a 3-orbifold composition with trivial Oi(X)’s, i = 2,3.
Suppose that there exists an edge orbifold whose core is a ballic 3-orbifold B such that
Oi(X − B) is trivial, i = 2,3. Then, for any orbi-map f :M → X, there exists an orbi-
map g = (g¯, g˜) :M→X which satisfies the following:
(i) g is orbi-homotopic to f .
(ii) Each component of g−1(B) is a compact, properly embedded, 2-sided, incompress-
ible 2-suborbifold in M .
(iii) For properly chosen product neighborhoods B × [−1,1] of B = B × 0 in X, and
g−1(B)× [−1,1] of g−1(B)= g−1(B)× 0 in M , g¯ maps each fiber x × |[−1,1]|
homeomorphically to the fiber g¯(x)× |[−1,1]| for each x ∈ |g−1(B)|.
Proof. The simplicial approximation of an orbi-map from a 3-orbifold to a 4-orbifold
enables us to show this theorem similarly as [13,16]. We can also do the approximation
similarly as that of [13, Theorem 5.5]. ✷
The following theorem is proved similarly as [16, Theorem 6.3] under our the
preparations.
Theorem 5.12 (Retraction Theorem). Let M be an orientable 3-orbifold which is orbi-
isomorphic to a product I -bundle over a closed 2-orbifold F . Let X be a 3-orbifold
composition with trivial Oi(X)’s, i = 2,3. Let f : (M,∂M)→ (X,B) be an orbi-map
where B is a ballic 3-orbifold which is a core of X.
If at some point x ∈ |F | − ΣF , f |(ϕ−1(x)) is orbi-homotopic to a path in B rel.
{x} × ∂I where ϕ :M → F is a fibration, then there exists an orbi-homotopy ft :M →X
such that f0 = f , f1(M)⊂ B , and ft |∂M = f |∂M .
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6. Main Theorem
In this section we give a proof of the Main Theorem. To use Theorem 3.4 we will make
an orbifold (A,B)-irreducible.
Definition 6.1. Let M be a good, compact, orientable 3-orbifold and A, B be spherical
boundary components of M . We assume that all spherical 2-suborbifolds of M are
separating. Take any incompressible spherical 2-suborbifold S in Int M which does not
separate A from B , cut off the component bounded by S which does not include A or B ,
and cap off the remaining part by the cone on S. Repeat this process until there are no more
such 2-suborbifolds S. We call the resulting 3-orbifold an (A,B)-irreducibilization of M .
We will also use Retraction Theorem 5.12 in the proof of the Main Theorem, so we
prepare the following lemma to obtain a certain path which is called a binding tie.
Lemma 6.2. Let M be a good, connected, orientable 3-orbifold with at least two
isomorphic, and spherical boundary components F0, F1. We assume that all spherical
2-suborbifolds of M are separating. Take base points x0 and x1 of F0 and F1,
respectively. Let e be the constant path on x0, and α be a path in |M| − ΣM joining
x0 and x1. We denote the inclusion homomorphisms induced by the paths e and α, by
ιe :π1(F0, x0)→ π1(M,x0) and ια :π1(F1, x1)→ π1(M,x0), respectively. Suppose that
there is no incompressible, cyclic, and spherical 2-suborbifold F of M which does not
separate F0 from F1, such that i∗π1(F0) is conjugate to a subgroup of j∗π1(F ), where i∗
and j∗ are inclusion homomorphisms into π1(M). Let N be an (F0,F1)-irreducibilization
of M . If ιeπ1(F0, x0) = ιαπ1(F1, x1), then there exists a path β (called a binding tie) in
|N | −ΣN joining x0 and x1 such that ιeπ1(F0, x0)= ιβπ1(F1, x1) in π1(M) (hence, also
in π1(N) automatically) where ιβ is the inclusion homomorphism π1(F1, x1)→ π1(N,x0)
induced by β .
Proof. Let S be a maximal system of incompressible spherical 2-suborbifolds of M , up to
parallel, which do not separate F0 from F1. After a modification through an orbi-homotopy
if necessary, we may assume that the path α intersects transversally with each component
of S .
We shall show that the desired path is a path β which intersect with S the least times
among all paths γ ’s joining x0 and x1 such that ιeπ1(F0, x0)= ιγ π1(F1, x1) in π1(M).
Let R be the element of S which intersects with β at the first time. We denote the
closure of the component of (M −R) including F0 (and F1) by M0, and the closure of the
other by M1. Denote the first intersecting point of β ∩ R by y , then we get the following
amalgamated decomposition:
π1(M,y)= π1(M0, y) ∗π1(R,y) π1(M1, y). (6.1)
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We can express β by β = a · !1 · · ·!m · b where a is a path in M0 from x0 to y , b is a
path in M0 from y to x1, and !i, i = 1,2, . . . ,m, are loops in M0 or M1 with base point y .
Since ιeπ1(F0, x0)= ιβπ1(F1, x1) in π1(M), we have
a−1 π1(F0, x0) a = !1 · · ·!m · b π1(F1, x1) b−1 · !−1m · · ·!−11 . (6.2)
By the fact that b is a path in M0, and the minimality of β , !m does not belong to
π1(M0, y). Suppose that there is some element τ ∈ b π1(F1, x1) b−1 −π1(R,y). Since the
alternating form !1 · · ·!m · τ · !−1m · · ·!−11 with respect to the decomposition (6.1) is also an
element of a−1 π1(F0, x0) a ⊂ π1(M0, y), it is not a normal form and some !i belongs to
π1(R,y). Again by the minimality of β we have m= 0.
Suppose that b π1(F1, x1) b−1 ⊂ π1(R,y). Let N1 be an (F0,R)-irreducibilization of
M0. We assume that the system S ′ of spherical 2-orbifolds used in the construction of N1
intersects with the system S as least times as possible. If the path a is also a path in N1,
then Theorem 3.4 yieldsN1 = F0×I . Since F1 is in ∂M0, it is not possible that #ΣF0 = 3,
then #ΣF0 = #ΣR = 2 or 0. It is contradiction.
Suppose that a intersects with an incompressible spherical 2-orbifold T which is parallel
to neither F0 nor F1, and separates F0 from F1, but does not separate F0 from R. Assume
that T is the first one among a maximal system of such 2-orbifolds, up to parallel. By
the minimality of the components of the intersection S ′ ∩ S , we can develop the similar
argument using T instead of R.
Thus m= 0 and we have obtained the desired tie β in N . ✷
Definition 6.3. Let M be a good, compact, orientable 3-orbifold. Let M0 be the one
derived from M by capping off all spherical boundary components. Take a separating,
spherical 2-suborbifold Fi in IntMi−1 such that Fi bounds a 3-suborbifold Ni 	= (the cone
of Fi ) with π1(Ni)∼= π1(Fi). Then replace such Ni by the cone of Fi , and put the resulting
3-orbifold Mi . We repeat this process until there are no more such 2-suborbifold Fi . Since
M is compact, the repeating process shall end in finite steps:
M→M0 →M1 →M2 →·· ·→Mk. (6.3)
Then we denote the final one Mk by P(M), and call it the Poincaré associate of M . Clearly
it holds that π1(M)∼= π1(P(M)).
Now we are ready to prove the Main Theorem.
Proof of the Main Theorem.
Step 1. We construct the Poincaré associate P(M) of M , and put it M again for
simplicity. Take a base point y0 ∈ |M| −ΣM of M .
Step 2. According to the given decomposition
π1(M)=G1 ∗K G2 (1.1)
we will construct an orbifold composition. By the hypothesis (c) we can take a prime
decomposition of M whose components have infinite fundamental groups. Gluing back the
prime components by orbi-maps along the ballic 3-orbifolds used in capping off, we obtain
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an OISIBO Y with π1(Y ) ∼= π1(M), whose particle are irreducible 3-orbifolds. Take the
covering OISIBO Xi of Y associated with each Gi . Let B a 3-ballic orbifold with π1(B)∼=
K . We can construct orbi-maps f i :B → Xi which induce inclusion homomorphisms
K→ π1(Xi). The system X = (Xi,B × [0,1], f i)i=1,2 is a desired orbifold composition
with π1(X)∼=G1 ∗K G2. Take a base point x0 ∈ |B × 12 | −Σ(B × 12 ) of X.
Step 3. Propositions 5.3 and 5.10 enable us to construct an orbi-map f :M → X
which induces an isomorphism ϕ :π1(M,y0) → π1(X,x0). Modifying the orbi-map f
through an orbi-homotopy if necessary, we may assume that each component of f−1(B ×
1
2 ) is a compact, properly embedded, 2-sided, incompressible 2-suborbifold of M by
Theorem 5.11. Put such components S1, . . . , Sk .
Step 4. We modify the map f |Si if necessary, so that for each Si we get a point
yi ∈ |Si | − ΣSi with f (yi) = x0. Since f∗ is an isomorphism, we can take a path !i in
|M| − ΣM joining yi and y0 such that [f ◦ !i] = 1 ∈ π1(X,x0). Let ηi∗ :π1(Si , yi)→
π1(M,y0) be the homomorphism induced by the path !i . By Proposition 2.7, π1(Si , yi) are
isomorphic to some subgroups of K . Then Si are spherical or discal 2-orbifolds. Moreover,
we can modify the orbi-map f so that each Si turns to be spherical if it is discal. Each Si
is an incompressible spherical 2-orbifold, and it is separating by the hypothesis (b). By the
hypothesis (ii), π1(Si , yi)∼=K .
Step 5. If the number of the components of f−1(B × 12 ) is more than or equal to two,
then we can modify the orbi-map to decrease the number of components as follows:
(1) By cutting and modifying the path !t taken in Step 4, for some i and some j , i 	= j ,
we can find a binding tie joining Si and Sj . That is a path ! from yi to yj such that
[f ◦ !] = 1 ∈ π1(X,x0) and ! does not intersect with any Si except its end points.
Cut M by Si and Sj , and denote the component which contains ! by M ′. The other
two are denoted by M1 and M2.
(2) If K is a trivial group, we modify the orbi-map similarly as in the case where M is
a manifold [12], to decrease the number of the components of f−1(B × 12 ). In the
following of this step we assume that K 	= 1.
(3) If π1(M1) ∼= K or π1(M2) ∼= K , then Mi is a ballic 3-orbifold, which contradicts
the fact that Si and Sj are incompressible. Thus π1(Mi) 	∼=K , i = 1,2.
(4) By Lemma 6.2 we can take a binding tie in the (Si , Sj )-irreducibilization N of
M ′. Let ι1 and ι2 be the homomorphisms π1(Si, yi)→ π1(N,yi) and π1(Sj , yj )→
π1(N,yi) induced by the constant map on yi and the binding tie !, respectively.
Then ι1π1(Si , yi)= ι2π1(Sj , yj ), and we have that N = Si × I by Theorem 3.4. By
the hypotheses (ii) and (iii), it is derived that M ′ =N and M ′ is a product I -bundle.
(5) By Theorem 5.12, we can modify the orbi-map so that f (M ′)⊂ B × 12 . Thus we
can decrease the number of the components of f−1(B × 12 ).
Step 6. Repeating the above process finitely many times, we can decrease the number of
the components if it is more than or equal to two. Since it cannot be zero, it is one. Thus
we have obtained the desired 2-orbifold which realizes the decomposition of π1(M), using
the following Theorem 6.4. ✷
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Theorem 6.4 [2, Proposition 2.5]. Let Ai, i = 1,2, be groups which contain subgroups
Hi, i = 1,2. Suppose there is an isomorphism ϕ :H1 →H2. Let A′i, i = 1,2, be subgroups
of Ai containing Hi . If the natural homomorphism φ : 〈A′1 ∗ A′2|H1 = H2, ϕ〉 → 〈A1 ∗
A2|H1 =H2, ϕ〉 is an isomorphism, then Ai = A′i , i = 1,2.
By the proof of the Main Theorem we obtain a weaker result as follows:
Theorem 6.5. Let M be a good, compact, connected, orientable, and ∂-irreducible 3-
orbifold. We assume that the fundamental group of each prime component of P(M) is
infinite. Suppose that we are given a nontrivial amalgamated free decomposition of π1(M)
π1(M)=G1 ∗K G2 (6.4)
such that K is isomorphic to the fundamental group of an orientable spherical 2-orbifold.
Then M has an incompressible spherical 2-suborbifold.
Proof. We construct an orbifold composition X associated with the decomposition (6.4)
and an orbi-map f :M → X which induces an isomorphism π1(M)→ π1(X). Though
we are not sure whether we can take a spherical 2-orbifold which realizes the algebraic
decomposition or not, we can take at least one incompressible spherical 2-orbifold. ✷
7. A counterexample
In the present section we give a counterexample showing that the extra hypothesis (iii) in
the Main Theorem cannot be removed. Let Q be the 3-orbifold with the underlying space
|Q| homeomorphic to S3, and the singular set ΣQ labeled 2 unless otherwise specified in
Fig. 7. First we will list up all the cyclic incompressible spherical 2-orbifolds in Q.
Proposition 7.1. The 3-orbifold Q has exactly six incompressible cyclic spherical 2-
suborbifolds, up to parallel, which are illustrated in Fig. 8.
Fig. 7. A 3-orbifold Q.
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Fig. 8. Six incompressible cyclic spherical 2-orbifolds.
Note that Q has also incompressible non-cyclic spherical 2-orbifolds.
Proof of Proposition 7.1. We divide Q into two parts, Q1 and Q2 along four
incompressible cyclic spherical 2-orbifolds S1, . . . , S4 (see Figs. 9 and 10). In each
component of Q1, any incompressible cyclic spherical 2-orbifold is boundary parallel.
In Q2 there are exactly two incompressible cyclic spherical 2-orbifolds S5 and S6, up to
parallel, which are not boundary parallel (see Fig. 10). Take any incompressible cyclic
spherical 2-orbifold S in Q. We only have to show that S does not intersect with ∂Q1
(= ∂Q2). Choose an innermost circle ! in S ∩ ∂Q1. We describe a 2-suborbifold of S
Fig. 9. Q1.
Fig. 10. Two incompressible cyclic spherical 2-orbifolds in Q2, which is not boundary parallel.
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Fig. 11. Spanning discs in Q1.
bounded by ! whose interior does not intersect with ∂Q1 by D1. Since S is a spherical
2-orbifold, |D1| is homeomorphic to a 2-disc.
If #ΣD1 = 0 or 1, then we take a discal 2-orbifoldD2 ⊂ ∂Q1 such that ∂D2 = !. By the
goodness of Q, D1∪D2 is a cyclic spherical 2-orbifold. In Qi , i = 1,2, D1∪D2 is parallel
to one of Sk ’s, k = 1, . . . ,6, or bounds a cyclic ballic 3-orbifold. When D1 ∪D2 ⊂Q1 or
D1 ∪D2 is S2, we can decrease the number of components of S ∩ ∂Q1. Hence we may
assume any innermost circle of S ∩ ∂Q1 bounds a discal 2-orbifold with a singular point
in S ∩Q2.
Take any annulus component F of S ∩Q1. By using the fact that F does not intersect
with ΣQ1 and Q is good, we can show that any innermost circle of the intersection of F
and spanning discs illustrated in Fig. 11 bounds a 2-disc in F . Then we can make F be
disjoint from the spanning discs, and decrease the number of components of S ∩ ∂Q1.
By the above deformations each component P of S cut open along ∂Q1 has become
either a discal 2-orbifold D2(k) ⊂Q2, a 2-orbifold D2(k, k) ⊂ Qi , or an annulus ⊂Q2
where k  2, i = 1,2.
If P =D2(k)⊂Q2, then there is another D2(k)⊂Q2. Other possible components are
annuli ⊂Q2. Thus we have S ⊂Q2.
If P = D2(k, k)⊂Q2, then other possible components are annuli in Q2. But we have
already deleted any 2-disc components. Thus we have S ⊂Q2.
If P =D2(k, k)⊂Q1, then other possible components are annuli ⊂Q2. But we have
already deleted any 2-disc components. Thus we have S ⊂Q1. ✷
Next we decompose Q into four prime components, denoted by Q(2), Q(3), Q(4),
Q(5), respectively (see Fig. 12). Then we calculate π1(Q(k)) as follows:
π1
(
Q(k)
) = 〈x1, x7, x8, x9, x10, x15 | x21 = (x7x1)2 = (x9x10x8x9x10x7x1)2
= (x10x8x9x10x7x1)2 = (x10x8x9x10x7)2
= (x8x9x10x7)2 = x27 = x28 = x29 = x210
= (x8x9x10)2 = (x15x8x9x10)2
= (x15x8x9x10x8)2 = x215
= (x15x8x9x10x8x9)k = 1
〉
,
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Fig. 12. Q(k), k = 2,3,4,5.
which we denote by G(xi, k).
Lemma 7.2. No incompressible spherical 2-suborbifolds of Q induce the following
decomposition:(
G(ai,2) ∗Z2[a1] (a1=b1) G(bi,4)
) ∗Z2[b1] (b1=c1) (G(ci,3) ∗Z2[c1] (c1=d1) G(di,5)).
(7.1)
Proof. Suppose that S is an incompressible spherical 2-suborbifold which realizes the
decomposition (7.1). It follows that S is cyclic. The abelianization of G(xi, k) is as follows:〈
x1, x7, x8, x9, x10, x15 | x21 = x27 = x28 = x29 = x210 = x215 = xk15xk10 = 1,
xixj = xjxi
〉
∼=
{
Z2 ⊕Z2 ⊕Z2 ⊕Z2 ⊕Z2 ⊕Z2 if k is even,
Z2 ⊕Z2 ⊕Z2 ⊕Z2 ⊕Z2 if k is odd.
Let E ∗Z2 F be the decomposition of π1(Q) induced by S. By Proposition 7.1 and (7.2),
the pair of the abelianizations of E and F is isomorphic to one of:
(i) (the direct sum of 5 factors of Z2, the direct sum of 15 factors of Z2),
(ii) (the direct sum of 6 factors of Z2, the direct sum of 14 factors of Z2),
(iii) (the direct sum of 10 factors of Z2, the direct sum of 10 factors of Z2).
On the other hand the pair of the abelianizations of the right and left factors of the
decomposition (7.1) is isomorphic to the direct sum of 11 factors of Z2 and the direct sum
of 9 factors of Z2. This is contradiction. ✷
Lemma 7.3. The group G(xi, k) is infinite where k  2.
Proof. If k is even, we add the relations x7 = x8 = x9 = x10 = 1 to G(xi, k). Then we
obtain 〈x1, x15 | x21 = x215 = 1〉 ∼= Z2 ∗ Z2, which is an infinite group. If k is odd, add the
relations x7 = x8 = x9 = 1 to G(xi, k). Then we obtain 〈x1, x15 | x21 = x215 = 1〉 ∼= Z2 ∗Z2.
Thus G(xi, k) itself is infinite in the both cases. ✷
Now we have the following theorem.
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Theorem 7.4. The decomposition (7.1) of the fundamental group of the 3-orbifold Q does
not satisfy the hypothesis (iii) of the Main Theorem 1.1 and does the others, which cannot
be realized.
Proof. The hypotheses (a), (b), (i) and (ii) are clearly satisfied, and (c) is derived from
Lemma 7.3. By Lemma 7.2 we have the conclusion. ✷
8. An application to the compositeness of links
In the concluding section we obtain a sufficient condition of the compositeness of links
by using Theorem 6.5, of which the necessity is known.
Let L be a 1-dimensional link in S3. Take any integer n 2.
Theorem 8.1. Let L be a nonsplittable link with components L1,L2, . . . ,Lk , and mi be
arbitrary meridians of Li . Then L is a composite link if and only if
π1
(
S3 −L)/([mi]n, i = 1,2, . . . , k)∼=G1 ∗Zn G2 (8.1)
where the decomposition is nontrivial.
Remark 8.2. Since all the hypotheses of the Main Theorem are not derived from those of
Theorem 8.1, it is not sure whether the decomposition of the link obtained by Theorem 8.1
realizes the decomposition (8.1) or not.
Remark 8.3. We can replace the hypothesis of L being unsplittable by the condition of
that the left-hand side of (8.1) cannot be freely decomposed.
Proof of Theorem 8.1. Let M be the 3-orbifold such that its underlying space |M| is
homeomorphic to S3 and its singular set ΣM is L with index n.
If L is a composite link, then it is clear that (8.1) holds.
Conversely, assume that (8.1) holds. Suppose that the fundamental group of a prime
component of P(M) is finite. Since π1(M) is infinite, the number of prime components of
M is more than two. On the other hand, the link L is not splittable. Thus L is a composite
link.
If (8.1) holds and the fundamental group of each prime component of P(M) is infinite,
M has an incompressible, and spherical 2-orbifold by Theorem 6.5. Since L is not
splittable, it is composite. ✷
Corollary 8.4. Let L be a knot in S3 and m be an arbitrary meridian of L. Then L is a
composite knot if and only if
π1
(
S3 −L)/[m]n ∼=G1 ∗Zn G2 (8.2)
where the decomposition is nontrivial.
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